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GROUP FOURIER TRANSFORM OF MEASURES
FERNANDO ROMA´N GARCI´A
Abstract. In Euclidean space, the Fourier transform of a compactly supported
Radon measure is a bounded Lipschitz function. It is known that if said function
is square integrable the measure must be absolutely continuous with respect to
the Lebesgue measure with square integrable density. Moreover, if the function
is absolutely integrable, the same is true but the respective density is in fact a
continuous function. This result has various applications to the geometric study
of measures. In this paper we prove the analogous results for a more general class
of locally compact groups, the class of groups whose dual admits a Plancherel
measure as defined in [3]. This result is then used to prove a version of the distance
set problem for this class of groups.
1. Introduction
In studying the geometric properties of measures in Rd, it is common to study their
Fourier transforms. For a compactly supported Radon measure µ in Rd, its Fourier
transform is the bounded Lipschitz function µˆ(ξ) :=
∫
Rd
e2πix·ξdµ(x). One key result
that relates the smoothness of the Fourier transform of µ and the smoothness of µ
itself is the following
Theorem 1. Let µ be a compactly supported Radon measure on Rd.
(1) If µˆ ∈ L2(Rd), then µ = gdx with g ∈ L2(Rd).
(2) If µˆ ∈ L1(Rd), then µ = hdx with h ∈ C(Rd)
A proof of this theorem can be found in [8]. The goal of this paper is to generalize
this statement to a large class of locally compact groups and further apply this results
to prove a statement in the direction of the distance set conjecture, also known as
Falconer’s conjecture, for this class of groups.
Throughout, G will denote a locally compact group of type 1 in the sense of [3], dp
a choice of Haar measure on G, H a Hilbert space and Gˆ the set of unitary irreducible
representations of G on H. For f ∈ L1(G, dp) we define its group Fourier transform,
fˆ , as the family of bounded operators on H given by
fˆ(χ)φ =
∫
G
f(p)χ(p)φdp
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where χ ∈ Gˆ and φ ∈ H. The group Fourier transform enjoys most of the prop-
erties of the classical Fourier transform in Rd, for instance, it takes group convolu-
tion to composition of operators. Indeed, if for f, g ∈ L1(G) we define f ∗ g(p) =∫
G
f(q−1p)g(q)dq, then (̂f ∗ g)(χ) = fˆ(χ)gˆ(χ). For a more detailed survey of the
group Fourier transform and its properties, we refer the reader to [10].
2. Group Fourier Transform as an Operator
There are several known results relating the smoothness and decay of a function
f to the class of operators to which fˆ(χ) belongs. For instance, it is known that if
f ∈ L1 ∩ Lp(G) then for each χ ∈ Gˆ, fˆ(χ) ∈ Sp∗(H), the Schatten-p
∗ class of H,
where p∗ is the linear conjugate of p. In particular, if f ∈ L1 ∩ L2(G) then for each
χ ∈ Gˆ, fˆ(χ) is a Hilbert-Schmidt operator. Using density arguments this result can
be extended to all Lp functions of G.
In some cases, even more can be said. If G is a second countable, locally compact,
unimodular group whose C∗ algebra is of type I, one can define a measure, ρ, on Gˆ,
known as the Plancherel measure, making the Fourier transform
ˆ: L2(G)→ L2(Gˆ : S2(H), dρ).
an isometric isomorphism. That is to say, Plancherel’s theorem holds, i.e.∫
Gˆ
||fˆ(χ)||2S2dρ(χ) = ||f ||
2
L2(G).
Moreover, an appropriate version of Young’s inequality gives that ̂: Lp(G)→ Lp∗(Gˆ :
Sp∗ , dρ) is a bounded linear map. In addition, if G is a Lie group, we have a version
of the inversion formula that holds for the Schwarz class, given by
f(p) =
∫
Gˆ
tr(fˆ(χ)χ(p)∗)dρ(χ).
For a more precise version of these statement together with all the relevant definitions,
we refer the reader to chapter 18 in [3]. We refer to the class of groups whose
dual admits a Plancherel measure as Plancherel groups. It is clear that Rd is a
Plancherel group for every d, but also, by Pontryagain Duality, this class includes
finite groups, compact groups, locally compact Abelian groups and semi-simple Lie
groups. It also includes more general groups, like for example the Heisenberg groups
Hn = R2n×R, where the representations are parametrized by non-zero real numbers,
λ ∈ R\{0}, and given by πλ(x, y, t) = e
iλ(t−x·y
2
)e(x)τ(y), where e(x) is the exponential
of multiplication by x, and τ(y) is translation by y. The operators e(x) and τ(y) do
not commute, but satisfy Stone-Von-Neumannn commutator relations which shows
that, up to unitary equivalence, these are the only representations of Hn. So in this
case Ĥn ∼= R \ {0} and we have
dρ
dλ
= (2π)−(n+1)|λ|n. It is worth making the remark
that, even though in this case the dual object is in fact a semigroup, the Plancherel
measure is not a multiple of the Haar measure on R \ {0}. In general, when the dual
is a semigroup, there might be no relation between the Plancherel measure and a
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Haar measure. For more details on Fourier analysis on Hn, we refer the reader to [11]
and [6].
As in Rd, the theory can be extended to measures. For a compactly supported
Radon measure µ on G, we define its Fourier transform as the family of operators
acting on H by µˆ(χ)φ =
∫
G
χ(p)φ dµ(p), φ ∈ H. As before, most properties of
the group Fourier transform extend naturally to measures, including the convolution
theorem. We are now ready to state several lemmas that will lead to our main result.
Lemma 2. Let {ψǫ}ǫ>0 be a compactly supported continuous approximation to the
identity in G. That is, ψǫ satisfies
(1) ψǫ ∈ Cc(G) and e ∈ spt(ψǫ) for every ǫ > 0,
(2)
∫
G
|ψǫ| = 1 for every ǫ > 0,
(3) ψǫ → δe weakly in L
2(G) as ǫ→ 0.
Then ψˆǫ → I in operator norm. Here I denotes the identity operator.
Proof. We have,
〈(ψˆǫ(χ)− I)φ, (ψˆǫ(χ)− I)φ〉H
= 〈
∫
G
φǫ(p)χ(p)φ dp,
∫
G
φǫ(q)χ(q)φ dq〉H − 〈
∫
G
φǫ(p)χ(p)φ dp, φ〉H
− 〈φ,
∫
G
φǫ(q)χ(q)φ dq〉H + 〈φ, φ〉H
=
∫
G
ψǫ(p)
∫
G
ψǫ(q)〈χ(p)φ, χ(q)φ〉H dpdq −
∫
G
ψǫ(p)〈χ(p)φ, φ〉H dp
−
∫
G
ψǫ(q)〈φ, χ(q)φ〉H dq + 〈φ, φ〉H.
Since {ψǫ}ǫ is an approximation to the identity, as we let ǫ→ 0, the first three terms
in the last equation become 〈φ, φ〉H so the sum of the four terms goes to zero. That
is to say,
lim
ǫ→0
||(ψˆǫ − I)φ||
2
H = 0
so that ψˆǫ → I in operator norm. 
Lemma 3. For f ∈ L1(G), ||fˆ(χ)||op ≤ ||f ||L1(G).
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Proof. Let φ ∈ H, we have, ||fˆ(χ)φ||2H
= 〈fˆ(χ)φ, fˆ(χ)φ〉H
= 〈
∫
G
f(p)χ(p)φ dp,
∫
G
f(q)χ(q)φdq〉H
=
∫
G
∫
G
f(p)f(q) 〈χ(p)φ, χ(q)φ〉Hdpdq
≤
∫
G
∫
G
f(p)f(q)||χ(p)φ||H||χ(q)φ||Hdpdq
= ||φ||2H
∫
G
∫
G
f(p)f(q)dpdq = ||φ||2H||f ||
2
L1(G)
The claim follows by taking the supremum over φ ∈ BH. 
We are now ready to state and prove our main theorem.
Theorem 4. Let G be a Plancherel Lie group, ρ the Plancherel measure on Gˆ, and
µ a compactly supported Radon measure on G.
(1) If µˆ ∈ L2(Gˆ : S2, dρ) then µ≪ dp with density in L
2(G).
(2) If µˆ ∈ L1(Gˆ : S1, dρ) then µ≪ dp with continuous density.
Proof. (1) Suppose µˆ ∈ L2(Gˆ : S2, dρ). Since the Fourier transform is an isomor-
phism of Hilbert spaces, there exist a function f ∈ L2(G) such that fˆ = µˆ for
ρ-almost every χ. We want to show f is the density of µ. For a compactly
supported smooth approximation to the identity {ψǫ}ǫ>0, define µǫ = ψǫ ∗ µ
and fǫ = ψǫ ∗ f . By properties of approximations to the identity, we know
that µǫ → µ and fǫ → f weakly as ǫ → 0. By the convolution theorem
µˆǫ = ψˆǫµˆ = ψˆǫfˆ = fˆǫ. Since both µǫ and fǫ are in L
2(g), then by Plancherel’s
theorem we must have µǫ = fǫ for dp-almost every p. But then
µ = lim
ǫ→0
µǫ = lim
ǫ→0
fǫ = f
where the limits denote weak limits in L2(G). This shows
dµ
dp
= f .
(2) Now assume µˆ ∈ L1(Gˆ : S1, dρ). Then, since χ(g) is unitary, using the fact
that S1 is an ideal, and Weyl’s inequality (see [9]) between singular values and
eigenvalues, we get |tr(µˆ(χ)χ(p)∗)| ≤ tr(|µˆ(χ)χ(p)∗|) ≤ tr(|µˆ(χ)|). It follows
that
∫
Gˆ
|tr(µˆ(χ)χ(p)∗)|dρ(χ) <∞ for every p ∈ G. Put
h(p) =
∫
Gˆ
tr(µˆ(χ)χ(p)∗)dρ(χ).
It should be clear that h is a continuous function in G. Now we want to show
that h is the density of µ. Let µǫ be as above. Then µǫ ∈ S(G). By the
inversion formula we have
(2.1) µǫ(p) =
∫
Gˆ
tr(µˆǫ(χ)χ(p)
∗)dρ(χ) =
∫
Gˆ
tr(ψˆǫ(χ)µˆ(χ)χ(p)
∗)dρ(χ).
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Once again by Weyl’s inequality, and the ideal property of S1 we obtain
a dominating function which is integrable and independent of ǫ. Indeed
|tr(ψˆǫ(χ)µˆ(χ)χ(p)
∗)| ≤ tr(|ψˆǫ(χ)µˆ(χ)χ(p)
∗|) ≤ ||ψˆǫ(χ)||op||χ(p)
∗||op||µˆ(χ)||S1 =
||ψǫ||L1(G)||µˆ(χ)||S1 = ||µˆ(χ)||S1, where the second to last equality follows by
Lemma 3. Hence by the dominated convergence theorem we can let ǫ→ 0 in
(2.1) and bring the limit inside the integral. Moreover, since tr is a continuous
functional, by Lemma 2 we obtain that
lim
ǫ→0
µǫ(p) = lim
ǫ→0
∫
Gˆ
tr(µˆǫ(χ)χ(p)
∗)dρ(χ) =
∫
Gˆ
tr(µˆ(χ)χ(p)∗)dρ(χ) = h(p).
It follows that h is the density of µ.

3. Application to distance set problem
When first studying geometric properties of metric spaces, one almost always en-
counters the classical problem of distance sets. Given a set A in a metric space
(X, d), one wishes to say something about the measure and/or dimension of the set
d(A) = {d(x, y) : x, y ∈ A} ∈ R. It is well known that if A ∈ Rd has positive
Lebesgue, measure then the distance set d(A) contains an open interval, in particular
it also has positive measure. In fact, a lot more is known: if the set A has Hausdorff
dimension strictly bigger than (d+1)/2, the same conclusion is true. A simple proof
of this statement, using Fourier analytic tools, can be found in [8]. The lower bound
(d + 1)/2 is not sharp, in fact it is believed that d/2 is sufficient. This is precisely
the content of Falconer’s conjecture which remains open. The best known bound of
d(d+ 2)/2(d+ 1) was proven for d = 2 by T. Wolff [12] and generalized to all d ≥ 3
by B. Erdogan [4]. For a concise and clear survey on all the progress made in the
direction of Falconer’s conjecture in Rd and in more general metric spaces, we refer
the reader to [5].
The distance set problem is purely metric and can therefore be formulated on any
abstract metric space. However, the proofs of the best known bounds require tools in
Fourier analysis. One can, therefore, hope to adapt such proofs to the more general
case of locally compact groups admitting a translation invariant metric. In the case of
Plancherel groups, Theorem 4 gives us a powerful tool to study measures supported
on the difference set of a certain subset of G. This allows us to prove the following
Theorem 5. Let G be a Plancherel Lie group. For A ⊂ G let D(A) = {q−1p : p, q ∈
G} ⊂ G be the set of differences in A. Then if A has positive Haar measure, D(A)
contains an open ball.
Proof. By inner regularity of the Haar measure, there exists a compact set K ⊂ A
which also has positive measure. Let dµ = 1Kdp, so that µ is a compactly supported
Radon measure in A which assigns positive finite measure to A. It is clear that µ
has density in L2(G) and therefore µˆ = 1ˆK ∈ L
2(Gˆ : S2, dρ). Now let µD = D#µ× µ
be the push-forward of the product measure µ × µ under the difference map D. It
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is easy to check that µD is supported in D(A) and assigns positive finite measure to
D(A). Now, for φ ∈ H we have,
µˆD(χ)φ =
∫
G
χ(p)φdµD
=
∫
G
∫
G
χ(q−1p)φdµ(p)dµ(q)
=
∫
G
∫
G
χ(q)∗χ(p)φdµ(p)dµ(q)
=
∫
G
χ(q)∗
∫
G
χ(p)φdµ(p)dµ(q) = µˆ(χ)∗µˆ(χ)φ.
That is µˆD = µˆ
∗µˆ. Therefore, µˆD ∈ L
1(Gˆ : S1, dρ). Indeed∫
Gˆ
tr(|µˆD(χ)|)dρ(χ) =
∫
Gˆ
tr(|µˆ(χ)∗µˆ(χ)|)dρ(χ) =
∫
Gˆ
||µˆ(χ)||2S2dρ(χ) <∞.
Therefore, by Theorem 4, µD has continuous density, and since it assigns positive
measure D(A), its density must be positive at some point p ∈ D(A). By continuity,
the density of µ must remain positive on an open ball B around p, and therefore
B ⊂ spt(µD) ⊂ D(A). 
Note that this statement is stronger than saying that the distance set contains an
interval. Indeed, since for a left invariant metric d(x, y) = d(y−1x, 0), the latter is
implied by the former. The known result in Rd requires the much weaker hypothesis
that A has dimension greater than (d+1)/2 so it is natural to ask if one can weaken
the hypothesis on Theorem 5 and still obtain the same result. It is worth noting that
Mattila’s approach to this statement can be adapted to prove the same result for
more abstract metrics in which the unit ball is a convex symmetric body with smooth
boundary that has non-vanishing Gaussian curvature (see [1] and [7]). However, in
general, locally compact groups may have translation invariant metrics for which the
unit ball is not convex and/or has non-smooth boundary with vanishing Gaussian
curvature. For example, the Heisenberg group admits a left invariant metric, called
the Kora´nyi metric, for which the unit sphere has vanishing curvature at the north
and south poles [2]. Little is known in this general direction aside from conjecture for
specific groups. For instance, in the case discussed above of G = Hn, much like in the
case of Rd, heuristics seem to suggest a dimensional lower bound of Q/2 where Q is
the Hausdorff dimension of Hn. However progress in this direction seems to require
much finer properties of measures than those obtained from Theorem 5.
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